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ABSTRACT The Green's function tech- helix in the B conformation with four related to the A-T regions lower stabil-
nique is applied to a study of breathing consecutive base pairs replaced by ity against hydrogen bond melting. The
modes in a DNA double helix which A-T. The average stretch in hydrogen A-T region may be considered to be
contains a region of different base bonds is found amplified around the the initiation site for melting in such a
pairs from the rest of the double helix. A-T base pair region compared with helix.
The calculation is performed on a G-C that of poly(dG)-poly(dC). This is likely
INTRODUCTION
A Green's function technique (1) has been developed to
study the vibrational properties of DNA polymers and
has been applied to several examples of DNA double
helix. These include the junction of AT/GC helices (2),
the terminus of a DNA homopolymer (3), a junction of
DNA double helix and single strands (4), and defect-
mediated melting of DNA homopolymers (5). In these
examples, the alterations in interactions between atoms
from those of the perfect helix are treated as defects. The
presence of such defects breaks the helical symmetry,
thereby making the description of the normal modes
much more difficult. However, for situations of interest,
such defects usually exist in a finite region of the polymer
and involve a relatively small number of atoms. The
problem is then conveniently solved by the Green's func-
tion technique. A variety of realistic DNA molecules can
be treated using this technique, including those with
structural disorder, such as terminal regions, irregular
base pair sequences, and various linking arrangements
involving DNA double helices or single strands which
occur during DNA replication, recombination, RNA
transcription, and other biological processes. Those
defects are believed to play an important role in the
melting of the DNA double helix. It has been found that
localized modes can exist around defects in DNA poly-
mers, which enhance the vibrational fluctuations in the
hydrogen bonds which link the two complimentary
strands of the DNA double helix. This can initiate
melting of the DNA double helix around the defects
(2-5). In natural DNA molecules, local A-T-rich regions
are believed less stable and therefore melt at lower
temperatures than G-C-rich regions (6-8), which leads
to initiation of melting from A-T-rich sites. Such open
regions offer potential interaction sites. It is also found
experimentally that the stability of a portion of DNA
helix can be influenced by the nucleotide sequence of
adjacent regions (9-11). Hence, alterations in the nucleo-
tide sequence in regions adjacent to an actual DNA-
protein interaction site could influence the recognition of
that site, particularly if the frequency of breathing is
important for protein binding.
In the present paper, we apply the Green's function
technique to study vibrational properties of a DNA
double helix which has a finite region containing base
pairs different from the rest of the helix. Breathing modes
of the hydrogen bonds are of particular interest. The
Green's function method is used to study the thermal
fluctuation in the average hydrogen bond stretch. The
calculation is carried out for a DNA double helix in the B
conformation, which has four consecutive A-T base pairs
in the middle and G-C base pairs for the rest of the helix.
This is equivalent to inserting a section of A-T helix into a
long G-C double helix. It may also be viewed as a
simplified model for a long DNA double helix which is
A-T rich in a finite region and G-C rich elsewhere.
Hydrogen bond thermal fluctuations around the A-T base
pairs and in G-C base pairs far away from the A-T base
pairs are examined and compared with those of poly(dA)-
poly(dT) and poly(dG)-poly(dC) in the same conforma-
tion.
It is believed that DNA molecules bend at A-T-rich
regions (1 2). The bending and curvature result in anoma-
lous physical properties of poly(dA) tracks in DNA
molecules. Due to the complexity of the problem, how-
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ever, the effects to the hydrogen bond thermal fluctua-
tions due to such variation in local structure are neglected
here and will be investigated in further studies.
FORMALISM
We construct the helix system starting with a perfect
double helix (B poly[dG]-poly[dC]) and a finite section
(N base pairs) of double helix with the same conformation
but different base pairs (A-T). Then we replace N
consecutive cells of the perfect helix by the finite section.
This is achieved by setting the force constants linking the
atoms across cell boundary to zero at two junctionsNcells
apart in the infinite helix and adding corresponding forces
to connect the finite section to the two semiinfinite
strands as shown in Fig. 1. We choose to cut the 05-C5
bond so that the number of valence forces involved is a
minimum.
The unperturbed helix system, consisting of an infinite
double helix and a finite section of helix of different base
pairs, is described by the eigen problem
(F -w2I)q = 0, (1)
where F is the force constant matrix, I is a unitary matrix,
w and q are eigen values and eigen vectors in the mass-
weighted Cartesian (MWC) coordinates. Because there is
no interaction between the infinite helix and the finite
section, the force constant matrix F has a block diagonal
form, and Eq. 1 can be written as two separate equations,
describing the infinite double helix and the finite helix
section, respectively. Whereas the equation describing the
perfect helix is solved in the usual way by utilizing the
helical symmetry (13), the equation describing the finite
section may be solved exactly if the number of cells, N, is
small. To avoid the complexity added due to end effects
that ultimately go away and to reduce the computing time
for large N, we approximate the eigen frequencies and
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from the eigen values and eigen vectors of the correspond-
ing infinite double helix for only the following 0 values.
= -r + -,r n = 1,2,3........ ,N.
N
For a finite A-T section four base pairs long, the eigen
values and eigen vectors corresponding to 0-= 0, ± ir/2
and X from those of B poly(dA)-poly(dT) are used. These
four 0 values for each band of the periodic helix give the
correct number of states associated with a four-unit cell
section.
The perturbed helix system is described by a similar
eigen equation,
(F _ w2I + C)q = 0, (2)
where F is the force constant matrix for the unperturbed
system. w and q are the new eigen values and eigenvectors.
The perturbation matrix, C, is the change in F necessary
to bring about the severing of the infinite helix and the
joining of the two semiinfinite helices created, to the finite
section. The perturbation breaks the helical symmetry. A
normal mode description would be much more difficult.
However, because C is a matrix of relatively low dimen-
sionality, Eq. 2 can be solved in terms of Green's function
of the unperturbed system. Following the procedure out-
lined previously (2, 3), we may obtain the thermal mean-
square displacement amplitude for the melting coordinate
(2) in cell m by
D(m) f dwlm[G"'(w2)] coth (7r k
h hw
2 E cot 2kT' (3)
where T is the temperature, room temperature is used in
this calculation, G is the Green's function of the final
system and could be written in terms of the perturbation
matrix C and the Green's function for the unperturbed
system, g (14). The normalized average hydrogen bond
stretch in cell m associated with the Kth localized mode, S4
is given by
(4)
where s, is the jth internal coordinate which is directly
effected by a perturbation between cell n and cell n + 1.
In Eq. 3, the first term represents the contribution to the
hydrogen bond fluctuation from an in-band mode of
frequence w; the second term represents that from a
localized mode of frequency w,. Eqs. 3 and 4 are written in
the internal coordinates where the dimension of the
perturbation matrix C is the total number of forces
involved by the cutting and joining, which is usually
smaller than the total number of Cartesian coordinates
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FIGURE 1 The double helix is constructed by cutting the perfect helix,
poly(dG)-poly(dC), and joining the finite section of A-T helix to the
semiinfinite strands.
e. = 91"Cusll,,
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involved. In the internal coordinates, C is a diagonal
matrix and its elements are the same in magnitude as the
force constants involved in constructing the helix. The
negative of the force constant is used to cut a particular
bond, and a positive force constant, not previously there,
is added to create a new join between particular atoms.
Geometrical factors are involved in the actual magnitude
of the added and subtracted force constants.
The Green's function for the unperturbed system can
be written in terms of the solution of the eigen value
equation (14). In the internal coordinates,
gmn(w)2) , / dO Re[s, (0)s\*(O)e ](m-n)jr d 2 2(O)
1 s'((O') As *( )ei (m-n) OfI~ Si 2w2S*(O (5)N A'O' u2 _ wx)2 (01)
where s`(O), normalized within i unit cell, is the eigen
vector belong to the eigen value wJ(O) for a phase angle 0
in the internal coordinates. The first term in Eq. 5
represents the contributions from all of the vibrational
modes of the long G-C helix section, whereas the second
term represents those from the finite section of A-T
double helix. To estimate the thermal mean-square dis-
placement amplitude for the melting coordinate, one has
to calculate the Green's function for any frequency in the
entire spectrum. If w lies within one or more phonon
dispersion branches of the perfect helix, then the perfect
helix Green's function involves an integration over one or
more singularities which can be removed by performing
the integration over the Brillouin zone if the singularity is
of first order. Close to the zone center or zone edge, a
singularity could be second order which cannot be
removed by performing the integration over the Brillouin
zone. The Green's function is also singular if the fre-
quency at which the Green's function is evaluated is close
to that of an AT mode. This difficulty may be circum-
vented by giving w a small imaginary part i/r. Physically,
this corresponds to an exponential decay of the normal
modes caused by, for example anharmonic interactions
causing loss of energy to nearby modes or by dissipative
forces such that the molecule would feel in a solution
environment. Therefore we replace W2 by W2 + iy, where y
= 2w/T, for small 1/I-. Then the evaluation of the second
term in Eq. 5 is straight forward. Assuming that w2 has an
intersection with branch X at 00, the integration in the first
term (denoted by gj7[X, c2]) in Eq. 5 can be written as
d
Re [s, (0) s* (0) e"] Re [s(0o) s,j* (0) ek]'|I"
r l 2 _ 2(O) + pT b(O - 00) - iy J
iI~~~~~~~~~~~-
21irb blt(0o)sj (Oo)I(ksOo+
+ [si (OO)sj* (80 I k, 00 + b (6)
for a first order pole, and
JRe [s (0)sjA* (O)eik] Re[si (0o)sj* (0Oeak] l
W Io WI (0) + iy b(O- O0) + a(O-0)_
b2 (Oo) S:j* (fo) [I(k, z+) I(k, z_.)]
*s+si* (0O)sj(0O) [I(-k, z+)-I(-k,z (7)
for a second order pole, where




-b ± lb2 + i4ay
Z:t = 00 +
The function I(k, z) is defined as
I(k, z) el
o Z' (8)
and is given by
ln (I r/z)
-fi(ikz) - (_1)k
f1(ikz ikir) ± irieikz
f,(ikz) - (_1)k
f1 (ikz iki-) ± 27rieikz
f (ikz) + (-1)k
f1 (ikz + iki7r) ± 7rielkz
f, (ikz) - (_1)k
* fi (ikz - ikr)
(k = 0)
(Re(z) = 0, klm(z) > 0)
(O < Re(z) <7r, klm(z) > 0)
(Re(z) - ir, klm(z) > 0)
(otherwise), (9)
where f1(z) and fi(z) are the products of the exponential
function and the exponential integrals, E,(z) and E,(z),
f,(z) = ezEi(z)
fi(z) = e2E,(z).
The upper signs are taken if k > 0 and the lower signs are
used when k < 0 in Eq. 9. In obtaining the above results
(Eqs. 6, 7) for the integral in the perfect helix Green's
function, a term which approximates the original inte-
grand in the neighborhood of the singularity is added and
then subtracted from the integrand so that the integration
is easily done numerically. In case of more than one
singularity, the above expression must be summed over all
of the singularities. Whereas y may be allowed to
approach zero for a first order pole, a small but finite
relaxation time is necessary to remove a second order
singularity near a maximum or a minimum in the phonon
dispersion curves for the perfect helix. We choose a
Feng and Prohofsky Vibrational Fluctuations of Hydrogen BondsFeng Prohofsky Vibrational Fluctuations of Hydrogen Bonds 549
relaxation time such that a vibration will continue for
1,000 oscillations before dying to e-l of its original
amplitude. A different choice has been shown to have
little effect on the hydrogen bond stretch, particularly
when it is close to the defects (2). The lifetime does have
effects far from the defect site. The same relaxation time
is assumed in the second term of Eq. 5.
To reduce the size of the matrix C and thus the
computing time, the long range Coulomb and Van de
Waals interactions are replaced by a set of effective forces
(2,15) which produces equivalent potential energies and a
similar spectrum for each DNA homopolymer as those
obtained using the exact long range forces. To emphasize
the effects on the breathing modes due to the different
base pairs, we used the same set of effective forces for the
unperturbed system (Eq. 1) so that any effect introduced
by replacing the Coulomb and Van de Waals forces with
effective forces are excluded. In a previous investigation
(2), tilting and torsion forces were found to be unimpor-
tant in such calculations, and they are neglected in the C










FIGURE 2 Phonon dispersion curves of poly(dA)-poly(dT) (dashed
lines) and poly(dG)-poly(dC) (solid lines).
RESULTS AND DISCUSSION
We carried out the calculation for an infinite DNA
double helix in the B conformation, which has four A-T
base pairs in the middle and G-C base pairs for the rest of
it. We have found that breathing modes exist around 85
wave numbers in both homopolymers (16). We scanned
through the entire spectra of both poly(dA)-poly(dT) and
poly(dG)-poly(dC) and found that the average hydrogen
bond stretch amplitude is significant only for a few
branches of the perfect helix dispersion curves between 60
and 140 cm-'. Therefore only this frequency range is
considered in studying the breathing modes of the per-
turbed helix. The dispersion curves for the frequency
range of interest are shown in Fig. 2, where solid lines are
phonon dispersion curves of poly(dG)-poly(dC), dashed
lines are those of poly(dA)-poly(dT). Only those corre-
sponding to 0 = 0, ± ir/2 and ir of the normal modes of
poly(dA)-poly(dT) are selected as approximations to the
normal modes of the finite section of A-T helix. The
dispersion curves are different from those given in refer-
ence 2 because torsions for backbone atoms and tiltings
between bases in adjacent cells are neglected in the
present calculation.
First, the thermal mean-square amplitude of the aver-
age stretch in hydrogen bonds is estimated from Eq. 3 for
the four A-T base pairs and 11 G-C base pairs closest to
the A-T section on each side of it. The results are shown in
Fig. 3. Here the solid circle represents total thermal
fluctuation, the open circle represents that without the
contribution from localized modes, the solid straight lines
are the corresponding values for poly(dA)-poly(dT) and
poly(dG)-poly(dC). Significant change in the hydrogen
bond fluctuation from that of the perfect helices is
observed in the A-T base pairs and in a few G-C base
pairs closest to the A-T section. The hydrogen bond
fluctuation is increased by a factor of 2 or 3 around the
A-T base pairs compared to that of poly(dG)-poly(dC).
Considering the nonlinear effects in the hydrogen bond
stretch at large vibrational amplitude (17, 18), this
indicates that the existence of A-T base pairs in a long
G-C double helix should reduce the stability of the G-C
helix at the region of the insert. The hydrogen bonds in




FIGURE 3 Thermal mean-square displacement amplitude D for the
melting coordinate is shown with (a) and without (o) local mode
contribution. The solid lines are corresponding values for poly(dG)-
poly(dC) and poly(dA)-poly(dT).
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A-T section may break first as temperature increases and
thus initiate melting of the double helix.
Contrary effects are found for in-band modes and for
localized modes. In-band modes tend to reduce the ther-
mal fluctuation around the A-T bases. This is due to the
fact that breathing modes of poly(dA)-poly(dT) and
breathing modes of poly(dG)-poly(dC) usually exist in
different frequency regions. For example, the average
hydrogen bond stretch is largest for dispersion branches
at 64.05, 100.94, 73.47, and 83.14 cm-' for poly(dA)-
poly(dT), whereas the modes with the same characteris-
tics are branches at 90.35, 124.46, 134.78, and 84.37
cm-' for poly(dG)-poly(dC). In a region where breathing
modes of poly(dG)-poly(dC) exist, the average hydrogen
bond stretch is enhanced for the A-T base pairs and
reduced in a few G-C base pairs which are close to the
A-T section. The enhancement in the A-T base pairs is
usually unimportant because it is still much smaller than
the contribution from the regions where breathing modes
of poly(dA)-poly(dT) exist. However, the decrease in the
G-C base pairs is appreciable because the average hydro-
gen bond stretch for G-C base pairs is essentially deter-
mined by such breathing mode branches. Similarly, in a
region where breathing modes of poly(dA)-poly(dT)
exist, the average hydrogen bond stretch is appreciably
reduced in A-T base pairs while it is slightly increased in a
few G-C base pairs near the A-T section. As a result, the
A-T section is stabilized by the G-C helix and vice versa.
Similar results have been observed in a junction of
AT/GC double helix (2).
Localized modes tend to enhance the hydrogen bond
fluctuation, which is most significant at the junctions of
the A-T section and the G-C helix where defects exist. It
is obvious that localized modes play a very important role
in the thermal stability of such DNA double helices.
The average hydrogen bond stretch approaches that of
poly(dG)-poly(dC) at about five base pairs from the A-T
section, indicating that the A-T section would not effect
hydrogen bond fluctuation in the G-C helix far away from
the A-T base pairs. However, a number of experimental
observations suggest long range effects. In studying cruci-
form structures in supercoiled DNA, Sullivan (19, 20)
and co-worker have discovered a striking dependence of a
structural transition in DNA on sequences that are dis-
tanced from those directly participating in the transfor-
mation. The remote DNA sequences are able to influence
the entire nature of a structural transition. Patient et al.
(21) also observed a destabilizing effect that was the
result of an A-T-rich block over 100 base pairs away from
the block itself. Here we give an estimate of average
hydrogen bond stretch some distance away from the A-T
section by taking the limit at Iml >> I in Eq. 3. We number
the A-T section as cells 1-4. From the relation G = g +
gTg where T = C(I - gC)-' and the expressions 3 and 4,
we see that D(m) depends on m only through the Green's
function for the unperturbed helices. Outside the A-T
insert region, there are only G-C base pairs. The second
term in Eq. 5 does not contribute if one of the internal
coordinates involved is the average hydrogen bond stretch
in a G-C base pair. The asymptotic behavior of the
Green's function for a perfect helix is discussed in Appen-
dices A and B for in-band modes and band gap modes,
respectively. It is a decreasing function of distance for a
localized mode and for an in-band mode which is close to
a band maximum or minimum. In our calculation, only
the removable singularities are of importance in deter-
mining the perfect helix Green's function for a large
distance. Using the asymptotic Green's function given in
Eq. A2,
[G(w2) g(w2)]7m = gfJ.n (co2) Tj(k)2()gklm (W2)
E A (w2)eim(-+'#), (10)
where
A,, (W)2) Gi(.) Tik( S ki(,O) -
jk lbabol
and S are defined in Appendix A, nj and nk are given
integers which indicate the unit cells where the jth and
kth perturbed coordinate exists, respectively. They can
take a value of 0 or 4 if the A-T base pairs are numbered
as cells 1-4. Integration over w of Eq. 10 weighted by the
thermal distribution of phonons gives the change in the
average hydrogen bond stretch from that of poly(dG)-
poly(dC). Here 49a and O, are functions of w. For a cell far
away from the defect, the Green's function for the
perturbed helix oscillates rapidly as a function of Ga and 0
around that of the unperturbed helix and is also a rapid
oscillatory function of frequency. When the integration
over w is performed to obtain the total hydrogen bond
fluctuation, contribution by the term gTg is negligible.
This indicates that the perturbation in a finite region does
not produce any significant change in the average hydro-
gen bond stretch at a large distance. This calculation thus
predicts no long-range effect by the A-T base pairs.
Several factors which could give rise to long-range
effects have not been included in this calculation. We
have not explored distortions of the basic structure. The
junction regions may be displaced from B conformation
positions. Another element not included is the synergistic
interaction of two unique regions. A third effect not
currently included is the synergistic interaction between
sequence defects and self-consistent force constant soften-
ing. All of the above should be investigated for long-range
effects.
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APPENDIX A
Asymptotic behavior of the perfect
helix Green's function for in-band
modes
Due to the factor ei(m-), the integrand of the first term in Eqs. 6 and 7
oscillates rapidly for large (m - n) while the amplitude of the oscillation
is a slow varying function of 0. Throughout the Brillouin zone, contribu-
tions from different 0 tend to cancel. Among the terms in I(k, z),jf(ikz)
and fi(ikz) decrease as lkl increases. This can be seen from the
asymptotic expansions off,(z) andfi(z) (22):
ZEI(z) = - + 0 ( 1N)]
Z[ o ( Z) (ZI )
ezEi(z) = -[Ln- + Z11
The term 27rieikz or ±irieikz for klm(z) > 0 contains a decaying factor,
exp[-kIm(z)]. If Im(z) is not sufficiently small, this term decreases
rapidly as |kl increases. This is the case when the singularity is a
nonremovable singularity (b - 0). For such a singularity, a small
although finite relaxation time must be incorporated. This is necessary
to remove the second order singularity. Because y is a finite number and
b -0, the quantity z+ or z_ always has a finite imaginary part which is
of the order (-y/a)'12. This finite imaginary part causes 27riexp(ikz) to
decrease rapidly as Iki increases for a second order pole.
If the singularity is a removable singularity (lb/al>> 1), then the
quantity z is given by
z =- =
y
Its imaginary part, y/b, is usually very small. As a matter of fact, y may
be allowed to approach zero for a removable singularity. Only in this
case, the decrease caused by expi - klm(z)] is not significant.
Therefore, second order poles (when b - 0) are less important than
first order poles, in the case where 'y can be made small, in determining
the perfect helix Green's function for large distance. For a first order
pole, the only significant contribution comes from the term
± 27riexp(ikz) in I(k, z) if it exists for large Ikl. Because Re(z) = 00, the
condition 0 < Re(z) < 7r is always satisfied. Neglecting the terms which
decrease as IkI increases, we have
27rieikz
cI)> 1I




I (k, z) -27rieikfo
0
(k > 0, b > 0)
(k < 0, b < 0)
(otherwise)
(k > 0, b > 0)
(k < 0, b < 0)
(otherwise)
in the limit of y -0.
Because the perfect helix Green's function is symmetric, i.e.,
gim(w2) = gin(w2), it is sufficient to consider the case of m > n. Using




S (X, o) s (X, o)ei(m ) (b <O). (Al)
If more than one singularity is involved for a given frequency, then
Eq. Al must be generalized to include the contribution from each singu-
larity. Summation over all of the first order singularities gives the
following asymptotic expression for the perfect helix Green's function
for large (m - n),
mn 2 mm> ngi7 (w ) i E Sii(0a) ei(m-n)O,,
alba (A2)
where a labels the first order poles,
fOa (b>0)
-(Oa (b < 0)
and
- f) tsi(Oa)si (Oa) (b > 0)
Si1(0a) =Si (Oa)sj(0a) (b <0).
The branch index X is omitted because there always is a unique branch
associated with each singularity.
APPENDIX B
Asymptotic behavior of the perfect
helix Green's function for band
gap frequencies
For a defected DNA double helix, local vibrational modes could exist at
frequencies outside the range of frequencies allowed by the modes of the
unperturbed homopolymer. For such band gap frequencies, the integral
in the perfect helix Green's function is never singular. For large m - n
the exponent factor e(m-"') in the integrand oscillates rapidly as a
function of 0, and throughout most of the Brillouin zone contributions
from different 0 tend to cancel. The exception to this occurs in the
neighborhood of those 0 values for which the denominator is as small as
possible, namely, the region about the maximum or minimum of the
branch of w'(0) closest to w2, assuming that there is only one maximum
per branch in a zone. The extension of the present results to the more
general case of a degenerate maximum frequency is trivial.
For simplicity let us assume that W2 is close to the maximum of Xth
branch of the perfect helix dispersion curves, o4(X), and consider the
contribution to gT,(,i2) from this branch. The results so obtained will
have to be summed over all X to yield the complete expression for
g fl(,2). If we denote the 0 value corresponding to the maximum
frequency in the Xth branch by 00, then about this point we have the
expansion
co'(0) = w'(X) - a(0 - O0)2 + , (BI)
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where
1 d2Wo2(00)
a 2 dO2 >0.
The linear term in this expansion vanishes because 0. is a maximum.
Substitute Eq. B 1 into the perfect helix Green's function, the first term
in Eq. 5 and making the change of variable t = 0-O., we can write the
contribution to gi7"(w2) from the Ath branch of w2(X, 0) as
g" (.2, A) =r- (X, 0d) t - (B2)2wr J ow-(O (X) + at
where
S7fl (A, 00) = sm (X, O0) sj * (A, O0) ei( n)00.
We have replaced s7'(X, 0) by its value at 00 in Eq. B2 because s7(A, 0) is
a slow varying function of 0. Having made a small t expansion of W2(0) -
Wc(X) about 00, we can extend the limits on the t integration to infinity
with an error which is of higher order than concerns us here. Then the
integral in Eq. B2 can be evaluated. We just give the result below.
g~~"(w2, S!!n(X,00)_ _ _ _ _n A)t2 /ak22 - w, (A)] e .[W-o)Ja(M-n) (B3)
The corresponding result for w close to the bottom of a band is obtained
from this by identifying wL(A) as the frequency of the minimum and
changing the overall sign of expression B3 and replacing w2 - (L(A) by
@2(X) _ W2.
It follows from the results given in Eqs. B3 and B4 that the
displacement amplitudes for atoms vibrating in a perturbed mode whose
frequency lies above the maximum frequency of the unperturbed helix
decay exponentially with the distance from the perturbation region,
m - n. The same results could be obtained for a gap mode. This decay
for a perturbed DNA double helix mode is different from that for a bulk
crystal where the displacement amplitudes for a local mode decay faster
than exponentially with increasing distance from the perturbed atoms
(23).
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